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Abstract. This article presents the analytic study of the kinematics
model for a Stewart’s platform; its includes the derivation of closed-loop
expressions for the inverse Jacobian matrix of the mechanism and its
derived time domain. A physically prototype platform was implemented
to generates control with an artificial vision system executed in OpenCV
library. The results includes the estimation of behaviour of the mobile
platform and its mathematical relationship. The mathematical model
and simulations of OpenSource were evaluated initially in Matlab, to
finally perform an automatic maze labyrinth solution on top of the plat-
form.
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1 Introduction

The Stewart platform mechanism is mainly associates as a hexapod prismatic
robot. It is a parallel kinematic structure that can be used like basic machine
for motion control with 6 degrees of freedom [1]. The mechanism itself consists
of a stationary platform with one base platform and mobile platform which are
connected via six prismatic actuators on universal joints (See Fig. 1). The Stew-
art platform, also known as the “Gough-Stewart” platform, was first introduced
by Gough in 1956 as a tire testing machine [2]. Such an application has been
motivated by the excellent mechanical characteristics of the mechanism in terms
of its higher rigidity and strength-to-weight ratio when it is compared with serial
link manipulators; and also, its greater maneuverability when compared to con-
ventional machine tool structures. The introduction of industrial robot was the
beginning of a new era in many fields; the serial manipulators became an invalu-
able tool for a broad range of applications. The advantages of machines and
mechanisms developed the needs of higher precision, robustness, stiffness and
load-carrying capacity arise, which its parallel manipulators begin to show-up.

The completely parallel link mechanisms, which include the Stewart platform,
show kinematic characteristics different from those of the series link mechanisms.
The inverse kinematic solution for the Stewart platforms is the determination
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of joint’s position on the space where the six link lengths gives position and ori-
entation of the mobile platform with respect to the base’s position represented
in the Cartesian space [3]. The determination of mobile platform’s position on
Cartesian space in a given position is the most computationally demanding.
However, closed-form solutions and numerical iterative schemes are used, with
simpler closed-form solutions for special arrangements [4]. The kinematic solu-
tions of forward speed and forward kinematics, on the other hand, are linear,
requiring a system solution of linear equations that involve the inverse Jacobian
matrix and its time derivative. Closed-form expressions for these matrices are
necessary for dynamic transformation.

Fig. 1. Stewart platform mechanism

In this article, we present a kinematic and dynamic analysis of a structure
called the Stewart platform, as shown in Fig. 1. This is the organization of the
system, observing that it is a hexapod system, with six degrees of freedom,
using the solution of Newton Euler formulation the structure of the machine
tool is closely related to the octahedral hexapod manufactured by Ingersoll.
The kinematic study includes the determination of closed form expressions for
the inverse Jacobian matrix and its time derivatives [5]. The effects of having
different configurations of strut end joints in the kinematics and dynamics of the
mechanism are modeled more accurately.

2 OpenCV Artificial Vision

The project has work with OpenCV, an open source library of computer vision
and documentation in C, Java and Python. Although, it is not the first choice of
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using Python; the main reason is the shell facilitates and the rapid developed of
projects in the terminal. The bash command terminal also makes the library and
prerequisites easy to download in Linux distributions such as Raspbian. However,
having also played with Java libraries for Android is it maybe the most robust
and reliable system, but at the beginning, it may take longer to start.

Computer Vision: It is the study of machines that have the ability to extract
information from an image that is important to address some tasks. In the
research discipline, computer vision deals with the hypothesis of artificial sys-
tems that extract information from images. The image information can take
many structures, for example, video sequences, views of different cameras or
multidimensional information like medical scanner.

Color Recognition: Colors can be measured in different ways; Undoubtedly,
the human impression of colors is a subjective procedure by which the mind
reacts to the shocks that are created when the approaching light responds with
few kinds of conical cells in the eye [6].

HSV Color Model: HSV refers to Hue, Saturation and Value. The HSV color
model was introduced by Alvy Ray Smith in 1978 and it is used as part of
computer graphics applications. In HSV, the tone represents a saturated color
on the outer edge of the color wheel. The amount of white added to the color
defines the saturation. 0% means that the color (in V= 100%) is totally white;
whereas, 100% means totally saturated without bleaching. Value means bright-
ness of color. 0% indicates pure black or totally dark; 100% speaks of total
brightness, where hue and saturation determine the current color [7].

3 Coordinate System Assignment

The first step is to define a generalized coordinate vector, whose elements are
the six variables chosen to describe the position and orientation of the platform,
such as [8]:

q = (X,Y,Z, φ, θ, ψ)T (1)

The joint space coordinate vector l is defined as:

l = (l1, l2, l3, l4, l5, l6)
T (2)

where li for i = 1, . . . , 6 are the lengths of the six numbered links of the Stew-
art Platform. In the following sections, the mapping between these two sets of
coordinates and their time derivatives will be presented. Thanks to the angles
of Euler that give a set of three angular coordinates, it will serve us to specify
the orientation of a reference system of orthogonal axes, since it is a mobile sys-
tem, with respect to another reference system of orthogonal axes normally fixed.
The concept of Fig. 2 was introduced by Leonhard Euler in rigid solid mechanics
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to describe the orientation of a solidary reference system with a rigid solid in
motion.

The Euler angles constitute a set of three angular coordinates that serve to
specify the orientation of a reference system of orthogonal axes, normally mobile,
with respect to another reference system of orthogonal axes normally fixed.

The intersection of the chosen coordinate planes xy and XY is called line of
nodes, and is used to define the three angles as shown in Fig. 3.

Fig. 2. Representation of Euler angles z-x-z.

4 Kinematics of the Moving Platform

The rotation matrix involving the three Euler angles and is given for the uses of
angular representation as follow:

W RP =

⎛
⎝

cψcφ − cθsφsψ −sψcφ − cθsφcψ sθsφ
cψsφ + cθcφsψ −sψsφ + cθcφcψ −sθcφ

sψsθ cψsθ cθ

⎞
⎠ (3)

Before proceeding to the inverse kinematic solution, it is useful to express the
angular velocity ω = (ωX , ωY , ωZ)T and angular acceleration α = (αX , αY , αZ)T

of the moving platform with reference to frame W as functions of the first and
second time derivatives of the Euler angles (φ̇, θ̇, ψ̇) and (φ̈, θ̈, ψ̈) Referring back
to Fig. 2, the moving platform has an angular velocity component φ̇ along the Z ′
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axis, an angular velocity component θ̇ along the X ′ axis, and an angular velocity
component ψ̇ along the Z ′′ axis. Resolving these components along the axes of
frame W we obtain.

ω =

⎛
⎝

ωX

ωy

ωZ

⎞
⎠ =

⎛
⎝

0 cφ sφcθ
0 sφ −cφsθ
1 0 cθ

⎞
⎠

⎛
⎝

φ̇

θ̇
ψ

⎞
⎠ (4)

The angular acceleration of the moving platform is obtained from (Eq. 4):

α =

⎛
⎝

αX

αY

αz

⎞
⎠ =

⎛
⎝

0 cφ sφsθ
0 sφ −cφsθ
1 0 cθ

⎞
⎠

⎛
⎝

φ̈

θ̈

ψ̈

⎞
⎠ +

⎛
⎝

0 −φ̇sφ φ̇cφsθ + θ̇sφcθ

0 φ̇cφ φ̇sφsθ − θ̇cφcθ

0 0 −θ̇Sθ

⎞
⎠

⎛
⎝

φ̇

θ̇

ψ̇

⎞
⎠

(5)

5 Inverse Kinematics

The inverse kinematic solution of the Stewart platform refers to the determina-
tion of the displacements of the six links and their time derivatives corresponding
to a given Cartesian position of the mobile platform in terms of three positional
displacements and three angular displacements of Euler and its derivatives of
time [9]. In the following sections, closed-form solutions are presented for inverse
position kinematics, velocity and acceleration.

5.1 Inverse Position Kinematics

Referring back to Fig. 1, the coordinates of the ith attachment point ai on the
moving platform, given with reference to frame P as P ai = (xai, yai, zai)

T , are
obtained with reference to the world coordinate system W by using:

ai = x + W R
P

P ai (6)

Once the position of the attachment point ai is determined, the vector Li of
link i is simply obtained as

Li = ai − bi (7)

where bi is a known 3-vector that represents the coordinates of the base attach-
ment point bi with reference to frame W. The length li of link i will be simply
computed from

li =
√

Li · Li (8)

Equations (6)–(8) represent the solution to the inverse position kinematic
problem involving the determination of the six link lengths for a given Carte-
sian coordinate vector q representing the position and orientation of the moving
platform. The unitary vector along the prism link union axis is calculated from

ni = Li/li (9)
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5.2 Inverse Rate Kinematics

The velocity of point ai is obtained by differentiating Eq. (6) with respect to
time

ȧi = ẋ + ω × W R
P

P ai (10)

The projection of this velocity vector on the axis of the prismatic joint of the
bond produces the rate of expansion of the bond i

li = ȧi · ni = ẋ · ni + ω ×
(

W R
P

P ai

)
· ni (11)

or
li = ẋ · ni + ω ·

(
W R

P

P ai

)
× ni (12)

Where, for a triple scalar product a× b · c, the point and cross products can
be interchanged resulting in a · b × c, as long as the order of the vectors is not
changed. For the purpose of deriving the inverse Jacobian matrix of the Stewart
Platform, it is useful to write Eq. (12) for the six links, in matrix form, as

i = J−1
1

(
ẋ
ω

)
(13)

where

J−1
1 =

⎛
⎜⎜⎝

nT
1

(
W R

P
P a1 × n1

)T

...
...

nT
6 RP

P a6 × n6)T

⎞
⎟⎟⎠ (14)

Now substituting Eqs. (4) into (13) yields

i = J−1
1 J−1

2 q̇ = J−1q̇ (15)

Where Eq. (16) presents the solution to the inverse rate kinematic

J−1
2 =

⎛
⎜⎜⎝

I3×3 O3×3

0 cos φ sin φ sin θ
O3×3 0 sin φ − cos φ sin θ

1 0 cos θ

⎞
⎟⎟⎠ (16)

For the assignment of the coordinate system of Fig. 3 and the formulation
of the Euler angle z-x-z, this type of singularity will occur for all horizontal
positions of the platform. Since the formulation of the Euler angle z-x-z allows
us to directly identify the direction of orientation. By changing the orientation
of the fixed coordinate system W, as shown in Fig. 3, the singularity of the
formulation will now occur when the platform is in a vertical position. This is
very far from the normal operating configurations of the system.
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Fig. 3. Coordinate system assignments

5.3 Inverse Acceleration Kinematics

The acceleration of point ai is obtained by differentiating Eq. (10) with respect
to time

äi = ẍ + α × W R
P

P ai + ω ×
(
ω × W R

P

P ai

)
(17)

Now, li is simply obtained by differentiating with respect to time.

l̇i = äi · ni + ȧi · ṅi (18)

where ni is given by
ṅi = ωi × ni (19)

where ωi for i = 1, . . . , 6 are the angular velocities of the links, expressions
for which will be derived in Sect. 6. It is possible to avoid computing ωi for
i = 1, . . . , 6 in order to evaluate Eq. (19), since ni can also be determined by
differentiating Eq. (9) with respect to time, to obtain

ṅi =
(
Li − l̇ini

)
/li (20)

Now, li in Eq. (20) is found by differentiating Eq. (8) with respect to time
which results in

ii =
Li · L̇i

li
(21)

and L̇i is found by differentiating Eq. (7) with respect to time and substituting
Eq. (10) to yield

L̇i = ẋ + ω × W R
P

P ai (22)

An alternative solution for the kinematic problem of inverse acceleration in
terms of the inverse Jacobian matrix is obtained by differentiating Eq. (15) with
respect to time

l̈ = J−1q̈ +
dJ−1

dt
q̇ (23)
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The time derivative of the inverse Jacobian matrix in Eq. (23) is given by

dJ−1

dt
=

dJ−1
1

dt
J−1
2 + J−1

1

dJ−1
2

dt
(24)

where the time derivative matrices dJ−1
1

dt and dJ−1
2

dt are obtained by differentiating
J−1
1 and J−1

2 with respect to time as

dJ−1
1

dt
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

(ω1 × n1)
T

((
ω × W R

P
P a1

)
× n1 + W R

P
p a1 × (ω1 × n1)

)T

...

...

(ω6 × n6)
T

((
ω × W R

P
p a6

)
× n6 + W R

P
p a6 × (ω6 × n6)

)T

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(25)

dJ−1
2

dt
=

⎛
⎜⎜⎝

I3×3 O3×3

0 −φsφ φ̇cφsθ + θ̇Sφcθ

O3×3 0 φ̇cφ φ̇sφsθ − θ̇cφcθ

0 0 −θ̇sθ

⎞
⎟⎟⎠ (26)

Furthermore, we can replace ωi × ni by ṅi can be computed from Eqs. (20)–
(22).

6 Forward Kinematics

In this section, we will use the numerical iterative technique, based on the
Newton-Raphson method, to solve the direct kinematic problem. The Newton-
Raphson method can be used to find the roots of the single-variable and multi-
variable equations [10]. Next, the procedure presented produces accurate results
based on the specified tolerance. This will be demonstrated by a numerical exam-
ple. For a certain position of the mechanism, we will define a function. F(q) as

F (q) = l(q) − lgiven (27)

where l(q) is the coordinate vector of the joint space calculated from the inverse
kinematic solution that uses a coordinate vector of the Cartesian space, and
is the known coordinate vector of the joint space. If q is the required forward
kinematic solution, l(q) will be equal to l, and F(q) will be zero. A numerical
solution using the Newton-Raphson method is given by:

q̃i = q̃i−1 −
(

∂F (q̃i−1)
∂q

)−1

F (q̃i−1) (28)

where qi is the approximate solution obtained after the ith iteration. It can be
shown that the matrix ∂F (q̃i−1)

∂q is same as the inverse Jacobian matrix J−1 (q̃i−1)
given by Eq. (15). Hence, Eq. (28) may be written as

q̃i = q̃i−1 − J (q̃i−1) (l (q̃i−1) − lgiven) (29)
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Starting with an initial conjecture q̃0, Eq. (29) is used interactively until
an acceptable solution is reached. Since there are many solutions, it is very
important to start with an initial estimate close to the current position of the
platform.

7 Analysis and Results

Figure 4 is showing the prototype arrange with the based components used like,
camera on top, some light to avoid shadows and fake data, the maze labyrinth
object, the target ball and reference coin placed on maze labyrinth and bellow
the Stewart platform powered by 6 lineal servomotors.

Fig. 4. Prototype of Stewart’s platform with maze labyrinth

The first step was to obtain useful data in the frame from the camera so
that it can be easy identify the target objects. It would be easy to identify the
unfiltered pixel artifacts in our frame as an objective, however, for us to have
a reliable system, we must also minimize the possibility of any “false positive”
(a common term in computer vision) as any background. Objects with a similar
coloration that can confuse the system. To minimize this possibility, it is better
to choose an objective that is easy to discriminate. The other way to minimize
false positives is to use a profile in a primitive way. In this specific case, we
will use a spherical lens to be able to use the circle search functions available
in OpenCV to identify the target object among the remaining artifacts in the
captured frame.
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The values of X and Y give us directly our values of Cartesian coordinate
axis in unprocessed pixels; then we can normalize these values by using the
total width and height of the table to obtain a usable index of −1 to 1 and a
normalized radius of 0 to 1. The normalization of values makes the code more
usable for different camera resolutions as well as making the X, Y axes more
mathematically useful.

Fig. 5. Camera view of HSV filter and target object

The Cartesian position X, Y of the ball through the labyrinth, it would be
uses to find the angle and magnitude to identify the path that surrounds it in
a Polar coordinate system. Figure 5 shows what is seen from the raspberry and
the system of interdependent coordinates.

Once its selected the shapes and the bodies to be represent, we use the Sim-
Mechanics in order to draw the animated representation during the simulation.
Now we can simulate the model. Viewing our model during the simulation makes
it easy to see that our model simulates faster than clock time in a standard PC,
its final result is seen in Fig. 6, where we observe that the z-plane generates

Fig. 6. Position and actuation force
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less oscillations with respect to the x-axis of the system. The friction effect is
considered significant for realistic friction levels, which suggests that friction
compensation should be an explicit control objective.

To see the significance of the different terms in the obtained dynamic equa-
tions, computer simulation is used to calculate the inverse dynamics of the com-
bined system including actuator dynamics. Inertial, velocity terms of the com-
bined system as reflected on the machine prismatic joint axes are evaluated.
The project when estimating the necessary force by the motors in the possible
positions of the platform, representing in Fig. 6. It was finished that it would be
constant. With a starting peak that later stabilizes.

8 Conclusions

Combining several representations of the problem of advanced kinematics with
optimization techniques, an efficient method was found to solve the problem.
For the purposes of real-time simulation, several mobile platforms were mathe-
matically predefined [11].

The task of an advanced method of kinematic resolution was, then, to track
the position and orientation of the mobile platform, knowing the initial position.
The resolution method was able to determine the exact position and orientation
of the mobile platform within negligible error margins. Problem of the equivalent
trajectories: due to the existence of multiple solutions for the advancement of
the kinematics, there may be more than one route that the mobile platform can
follow and have exactly the same support lengths at each point of the road.

The resolution algorithm may, in some circumstances, jump to an equivalent
path at certain division points. It has been said that each route represents an
equally correct solution of advanced kinematics, but only one of them represents
the true trajectory of the mobile platform. An empirical algorithm was designed
that increased the probability of finding the correct solution and was successful
in all test cases. Unfortunately, it can not be shown that it is present in every
imaginable movement of the mobile platform [12].

The resolution method will always find the correct solution if the change in
the position or direction of movement of the mobile platform. If that condition is
met, the described method can be used in the resolution of advanced kinematics
in real time.
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